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INTRODUCTION

SCIENTIFIC MOTIVATION

▸ We are interested in defining an outline around extragalactic jets 
coming from quasars at high redshift (z>2.1) in X-ray images

▸ Defining this boundary is important 
for accurate  luminosity and flux 
calculations. 

▸ Detecting jets is difficult because they 
are diffuse sources (no edges, or 
center) and dim compared to the 
quasar.  

▸ Images of high redshift jets are of low 
resolution and few X-ray photons
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BACKGROUND

OBSERVATIONAL DATA

▸ Chandra X-ray Observatory - ACIS 

▸ 64 x 64 or 128 x 128 pixel image centered on quasar 

▸ High to intermediate redshift (2.10 < z< 4.72)
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BACKGROUND

REGION OF INTEREST

▸ Region of Interest (ROI)  -  region containing the jet or a partition of 
the jet (e.g. node or lobe) 

▸ Previous work tests whether or not a jet exists in a predefined ROI 
(McKeough et al. 2016, Stein et al. 2015)



BACKGROUND

REGION OF INTEREST

▸ Ability to detect jet is sensitive to fit of ROI 

▸ Issues with previous methods: 

▸ Region is defined using radio imaging 

▸ Not always available 

▸ Not always aligned with X-ray imaging 

▸ Region definition relies on human interaction 

▸ Inefficient and source of potential error



GOAL

GOAL

Define a boundary around the ROI of an irregularly shaped,  
diffuse source. 

Give a measure of uncertainty.
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LIRA

LOW COUNT IMAGE RECONSTRUCTION AND ANALYSIS (LIRA)

▸ Esch et al (2004), Connors & van Dyk (2007) 

▸ Multi-scale Bayesian method 

▸ Intensity in “splits” of the image rather than individual pixels 

▸ Removes quasar & deconvolve Point Spread Function (PSF) 

▸ Creates posterior draws for residual pixels as a series of 
images that capture the emission that is present in excess 
of the quasar (i.e. the jet)



LIRA

LOW COUNT IMAGE RECONSTRUCTION AND ANALYSIS (LIRA)
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ESTABLISH MODEL

LIKELIHOOD

▸ We are given observation Y from which 
we draw the LIRA output: 

▸ We want to assign each pixel to either the 
background (-1) or the ROI (+1):  

▸ Each pixel assignment will have its own 
average intensity:  

▸ We suspect the variance of the source will 
be greater than the background:
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ESTABLISH MODEL

2D ISING PRIOR

▸ Inverse temperature: 

▸ Higher     induces more correlation between pixels 

▸ Partition function:  

▸ Estimated via Beale (1996) assuming periodic structure 

▸ Commonly used in modeling ferromagnetism.  

▸ Induces spatial correlation; adjacent pixels will tend to have the 
same assignment. 

�

Z̃(�)

�



GIBBS SAMPLER

REMINDER: MODEL SETUP

▸ Likelihood: 

▸ Prior:
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GIBBS SAMPLER

STEP 1 - LIKELIHOOD PARAMETERS

▸ Draw from posterior directly: 

▸ Priors:

STEP 2 - TEMPERATURE PARAMETER

▸ Drawn through Metropolis Hastings 

▸ Prior:
� ⇠ Gamma(a� , b�)
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GIBBS SAMPLER

STEP 3- ASSIGNMENTS
▸ A well established way to draw the spin state given a specific 

temperature is Swendsen & Wang (1987).  

▸ The S-W method takes a spin system z|β and induces a bigger 
system that contains the original N spin variables and M additional 
bond variables, denoted by d. 

▸ Define joint distribution that couples spins to bonds:

▸ Marginal distribution of z  is equal 
to our posterior. 

▸ Conditional distributions are easy 
to sample from. 

p(z, d|�̃, ⌧±,�2
±,�) /

MY

m=1

gm(zm, dm|�)
Y

ij

f(�̃ij |z, ⌧±,�2
±)

<latexit sha1_base64="kV8lx5dmM17CVpCvl+b0YwjKD8o="></latexit><latexit sha1_base64="kV8lx5dmM17CVpCvl+b0YwjKD8o="></latexit><latexit sha1_base64="kV8lx5dmM17CVpCvl+b0YwjKD8o="></latexit><latexit sha1_base64="kV8lx5dmM17CVpCvl+b0YwjKD8o="></latexit>

X

d

p(z, d|�̃, ⌧±,�2
±,�) = p(z|�̃, ⌧±,�2

±,�)
<latexit sha1_base64="6nlbwAcj6WsM5zX4vy0Gdkbd1GU="></latexit><latexit sha1_base64="6nlbwAcj6WsM5zX4vy0Gdkbd1GU="></latexit><latexit sha1_base64="6nlbwAcj6WsM5zX4vy0Gdkbd1GU="></latexit><latexit sha1_base64="6nlbwAcj6WsM5zX4vy0Gdkbd1GU="></latexit>

p(z|d,��)
<latexit sha1_base64="5ypoBj30c31u99EaDLJjUfjkZ7A=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMpPaBycoo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5jxkkE=</latexit><latexit sha1_base64="5ypoBj30c31u99EaDLJjUfjkZ7A=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMpPaBycoo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5jxkkE=</latexit><latexit sha1_base64="5ypoBj30c31u99EaDLJjUfjkZ7A=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMpPaBycoo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5jxkkE=</latexit><latexit sha1_base64="5ypoBj30c31u99EaDLJjUfjkZ7A=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMpPaBycoo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5jxkkE=</latexit>

p(d|z,��)
<latexit sha1_base64="Q0EfOWwlHiN3V0M/j56e0tuxqdA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMoBGj+doo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5ivkkE=</latexit><latexit sha1_base64="Q0EfOWwlHiN3V0M/j56e0tuxqdA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMoBGj+doo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5ivkkE=</latexit><latexit sha1_base64="Q0EfOWwlHiN3V0M/j56e0tuxqdA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMoBGj+doo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5ivkkE=</latexit><latexit sha1_base64="Q0EfOWwlHiN3V0M/j56e0tuxqdA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBS2JCHosevFYwX5AG8pms2mXbjZhd6PUtj/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPOlHacbyu3srq2vpHfLGxt7+zu2cX9hopTSWidxDyWLR8rypmgdc00p61EUhz5nDb9wc3Ubz5QqVgs7vUwoV6Ee4KFjGBtpK5dTMoBGj+doo5PNUZnJ6hrl5yKMwNaJm5GSpCh1rW/OkFM0ogKTThWqu06ifZGWGpGOJ0UOqmiCSYD3KNtQwWOqPJGs9Mn6NgoAQpjaUpoNFN/T4xwpNQw8k1nhHVfLXpT8T+vnerwyhsxkaSaCjJfFKYc6RhNc0ABk5RoPjQEE8nMrYj0scREm7QKJgR38eVl0jivuE7FvbsoVa+zOPJwCEdQBhcuoQq3UIM6EHiEZ3iFN2tsvVjv1se8NWdlMwfwB9bnD5ivkkE=</latexit>



GIBBS SAMPLER

COUPLING SPINS TO BONDS

▸ Bonds can be disconnected (0) 
or connected (1).

d = {0, 1}

+1

+1

+1

-1 -1

-1
d=1 d=0



GIBBS SAMPLER

SAMPLING

▸ Sample from 

▸ If two spins connected to bond are equal, set the bond dm 
equal to 1 with probability p=1-exp(-2β) , and 0 otherwise.

p(d|z,�)

+1

+1

+1

-1 -1

-1
p(d=1)=p

p(d=1)=0

p(d=1)=p p(d=1)=0

p(d=1)=0

p(d=1)=p

p(d=1)=p



GIBBS SAMPLER

SAMPLING

▸ Sample from 

▸ If two spins connected to bond are equal, set the bond dm 
equal to 1 with probability p=1-exp(-2β) , and 0 otherwise.

p(d|z,�)

+1

+1

+1

-1 -1

-1



GIBBS SAMPLER

SAMPLING

▸ Sample from 

▸ Bonds connect spins into C cluster. 

▸ Cluster - all pixels that are connected by a bond dm=1 

▸ Each cluster will take spin +1 with probability p+ 

 -1 with probability p-=1-p+

p(z|d,�)

p± /
Y

ij2C

f(�̃ij |zij = ±1, ⌧±,�
2
±)
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GIBBS SAMPLER

SAMPLING

▸ Sample from

+1

+1

+1

-1 -1

-1

p(z|d,�)

p(z=+1)=p+



PROBABILITY MAP & BOUNDARY ESTIMATE

ISING-LIRA ITERATIONS

1. Get many posterior draws from LIRA 

2. Apply Ising step to each LIRA draw 

3. Average across LIRA-Ising iterations to get probability 
map. 

1 2 3



PROBABILITY MAP & BOUNDARY ESTIMATE

PROBABILITY MAP
‣ Probability each pixel is a member of the ROI:

Original
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Pixel 
Assignments
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BOUNDARY OF ROI

OPTIMAL ROI

▸ Maximize posterior predictive:

P (Z|Y ) =

Z
P (Z, ✓,�|Y )d✓d�

=

Z
P (Z|✓,�)P (✓|�, Y )P (�|Y )d✓d�

=

Z
P (Z|✓,�)P (✓|�)P (�|Y )d✓d�
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BOUNDARY OF ROI

OPTIMAL ROI

▸ Maximize posterior predictive: 

▸ Ideally we could approximate this as: 

P (Z|Y ) =

Z
P (Z, ✓,�|Y )d✓d�

=

Z
P (Z|✓,�)P (✓|�, Y )P (�|Y )d✓d�

=

Z
P (Z|✓,�)P (✓|�)P (�|Y )d✓d�
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1

N

NX

k=1

P (Z|✓(k),�(k))
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BOUNDARY OF ROI

OPTIMAL ROI

▸ Maximize posterior predictive: 

▸ Ideally we could approximate this as: 

… but this is very difficult.

P (Z|Y ) =

Z
P (Z, ✓,�|Y )d✓d�

=

Z
P (Z|✓,�)P (✓|�, Y )P (�|Y )d✓d�

=

Z
P (Z|✓,�)P (✓|�)P (�|Y )d✓d�
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N

NX

k=1

P (Z|✓(k),�(k))
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BOUNDARY OF ROI

MAXIMIZE POSTERIOR RATIO

▸ Compare two different Z states:

P̂ (Z1|Y )

P̂ (Z2|Y )
=

PN
k=1 exp(logPk(Z1))PN
k=1 exp(logPk(Z2))

=
NX

k=1

wk exp(log
Pk(Z1)

Pk(Z2)
)
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BOUNDARY OF ROI

OPTIMIZATION SPACE

▸ Neighborhood statistic:

Nij =

P
i0j02|ij�i0j0|=1 zijzi0j0P

i0j02|ij�i0j0|=1 |ij � i0j0|
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BOUNDARY OF ROI

OPTIMIZATION SPACE

▸ Average Nij across all posterior draws 

▸ Rank Nij from highest to lowest 

▸ Build space to optimize over: 

▸ For the zip with the highest 
corresponding Nij, set to 1 and the 
remainder to -1 

▸ Repeat including the next highest 
Nij until all pixels are 1



BOUNDARY OF ROI

NOTES

▸ Maximize across all Z created using the neighborhood 
statistic and all Z drawn from the posterior 

▸ We will always compare the new Z with the Z at the 
current maximum 

▸ To build a confidence interval take more posterior 
iterations and repeat the process (TBD)



BOUNDARY OF ROI



RESULTS

0

Pre-Process 
Image

Pixel 
Assignments

Original

Boundary of  
ROI



ROADMAP

 Pre-Process 
Image

Pixel 
Assignments

Boundary of  
ROI

Future Work



FUTURE WORK

ADJACENT PIXEL DEFINITION

▸ Could be modified to the 8 nearest pixels instead of 4. 

▸ Modified to include pixels beyond just the adjacent pixels 

▸ Correlation as a function of distance 



FUTURE WORK

POTTS MODEL

▸ Want to identify multiple partitions of the jet (e.g. nodes) 

▸ Potts is a more generalized version of the Ising model 
allows for more than two spin assignments:

zij = {0, 1, 2, 3, . . . }

DIFFERENT LIKELIHOODS

▸ Hurdle model - Account for many of the background 
pixels in the LIRA output being zero.



CONCLUSION

▸ LIRA has been successful in analyzing low count images 
and extracting noisy structure. 

▸ No way to define a ROI 

▸ No correlation structure between pixels 

▸ Utilized an Ising distribution and corresponding 
techniques to create a probabilistic ROI.
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MODEL COMPATIBILITY

“IDEAL” MODIFICATION TO LIRA

▸ Curent LIRA output: 

▸ The missing piece of LIRA is the pixel membership 
indicator: 

▸ An ideal joint model (denote using subscript    ) would 
infer λij and zij  simultaneously

zij = {�1,+1}

J

P (�̃|Y )
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PJ (�̃, z|Y ) / f(Y |�̃, z)⇡J (�̃, z)
<latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit><latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit><latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit><latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit>



MODEL COMPATIBILITY

OUR APPROACH

▸ Two-step approach: 

▸ LIRA “as is” (model S1) 

▸ Ising (model S2) conditional on ONE draw of from S1 
 

▸ Combine to get desired model:

PS1(�̃|Y ) / f(Y |�̃)⇡S1(�̃)
<latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="Oiemu8+qOfFHEy9DwIPQxkcQ1nc=">AAACSXicbVHPT8IwGO2GKCLq9OqlEUzGhWxe1JuJF48YnUDYsnRdB43dj7SdCZn7J7kY/xMvJnbAQYZf0uTlva/v+/oaZIwKaVlfmt7Ya+4ftA7bR53jk1PjrPMq0pxj4uCUpXwcIEEYTYgjqWRknHGC4oCRUfD2UOmjd8IFTZMXuciIF6NZQiOKkVSUb7De0C/cGMk5Rqx4Ln27hCZ0JWUhgS5TRiGCH3DSh27G00ymMDInitjuqFRa9zFrLv2eb3StgbUquAvsDeiCTQ19Y+mGKc5jkkjMkBBT28qkVyAuKWakbLu5IBnCb2hGpgomKCbCK1aplPBKMSGMUq5OIuGK/XujQLEQizhQndXeoq5V5H/aNJfRrVfQJMslSfB6UJQzqMKpIoYh5QRLtlAAYU7VrhDPEUdYqo9oqxDs+pN3gXM9uBvYTxZogQtwCUxggxtwDx7BEDgAgyX41jRN1z61H72xTkvXNrGdg63Sm79+OLC9</latexit><latexit sha1_base64="Oiemu8+qOfFHEy9DwIPQxkcQ1nc=">AAACSXicbVHPT8IwGO2GKCLq9OqlEUzGhWxe1JuJF48YnUDYsnRdB43dj7SdCZn7J7kY/xMvJnbAQYZf0uTlva/v+/oaZIwKaVlfmt7Ya+4ftA7bR53jk1PjrPMq0pxj4uCUpXwcIEEYTYgjqWRknHGC4oCRUfD2UOmjd8IFTZMXuciIF6NZQiOKkVSUb7De0C/cGMk5Rqx4Ln27hCZ0JWUhgS5TRiGCH3DSh27G00ymMDInitjuqFRa9zFrLv2eb3StgbUquAvsDeiCTQ19Y+mGKc5jkkjMkBBT28qkVyAuKWakbLu5IBnCb2hGpgomKCbCK1aplPBKMSGMUq5OIuGK/XujQLEQizhQndXeoq5V5H/aNJfRrVfQJMslSfB6UJQzqMKpIoYh5QRLtlAAYU7VrhDPEUdYqo9oqxDs+pN3gXM9uBvYTxZogQtwCUxggxtwDx7BEDgAgyX41jRN1z61H72xTkvXNrGdg63Sm79+OLC9</latexit><latexit sha1_base64="P5Pd9bj3gecTQebjlaHj3EYUOs4="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit><latexit sha1_base64="8u6TjbcB3mFn/oVGJktLUcIsT5U="></latexit>

PS2(z|�̃) / PS2(�̃|z)⇡S2(z)
<latexit sha1_base64="PxXUCUTWzLrEyVxkWfxGkBZ4M2s="></latexit><latexit sha1_base64="PxXUCUTWzLrEyVxkWfxGkBZ4M2s="></latexit><latexit sha1_base64="PxXUCUTWzLrEyVxkWfxGkBZ4M2s="></latexit><latexit sha1_base64="PxXUCUTWzLrEyVxkWfxGkBZ4M2s="></latexit>

PS(�̃, z|Y ) = PS1(�̃|Y )PS2(z|�̃)

/ f(Y |�̃)⇡S1(�̃)
PS2(�̃|z)⇡S2(z)

PS2(�̃)
<latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit><latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit><latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit><latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit>



MODEL COMPATIBILITY

SUFFICIENT CONDITIONS

▸ Assignment information does not effect distribution of 
photon counts:

f(Y |�̃) = f(Y |�̃, z)
<latexit sha1_base64="sAg/F15hgk7UIZiJJvfcigGb/bg=">AAACGHicbVC7SgNBFL0bXzG+Vi1thgQhQQm7NmohBG0sI7gmkl3C7OxsMmT2wcysEGN+w8bGD7GxULFN5984eRQaPTBwOOce7tzjp5xJZVlfRm5hcWl5Jb9aWFvf2Nwyt3duZJIJQh2S8EQ0fSwpZzF1FFOcNlNBceRz2vB7F2O/cUeFZEl8rfop9SLciVnICFZaaptWWL5FD8hVjAcUuVwnA1xBZ0jr8zI6vK+gtlmyqtYE6C+xZ6RUK7oHzwBQb5sjN0hIFtFYEY6lbNlWqrwBFooRTocFN5M0xaSHO7SlaYwjKr3B5LIh2tdKgMJE6BcrNFF/JgY4krIf+Xoywqor572x+J/XylR44g1YnGaKxmS6KMw4Ugka14QCJihRvK8JJoLpvyLSxQITpcss6BLs+ZP/Eueoelq1r3QZ5zBFHvagCGWw4RhqcAl1cIDAI7zAG7wbT8ar8WF8TkdzxiyzC79gjL4BweefVQ==</latexit><latexit sha1_base64="nZHnLHCNtoAtnkKDy0BnhX8KH6s=">AAACGHicbVDLSsNAFJ3UV62vqEs3Q4vQopTEjboQim5cVjC20oQymUzaoZNJmJkIsfYvxI2/4saFitvu+jdOHwttPTBwOOce7tzjJ4xKZVkjI7e0vLK6ll8vbGxube+Yu3t3Mk4FJg6OWSyaPpKEUU4cRRUjzUQQFPmMNPze1dhvPBAhacxvVZYQL0IdTkOKkdJS27TC8j18gq6iLCDQZToZoAq8gFqfl+HxYwW2zZJVtSaAi8SekVKt6B49j2pZvW0O3SDGaUS4wgxJ2bKtRHl9JBTFjAwKbipJgnAPdUhLU44iIr3+5LIBPNRKAMNY6McVnKi/E30USZlFvp6MkOrKeW8s/ue1UhWeeX3Kk1QRjqeLwpRBFcNxTTCggmDFMk0QFlT/FeIuEggrXWZBl2DPn7xInJPqedW+0WVcginy4AAUQRnY4BTUwDWoAwdg8ALewAf4NF6Nd+PL+J6O5oxZZh/8gTH8AcnLoNs=</latexit><latexit sha1_base64="nZHnLHCNtoAtnkKDy0BnhX8KH6s=">AAACGHicbVDLSsNAFJ3UV62vqEs3Q4vQopTEjboQim5cVjC20oQymUzaoZNJmJkIsfYvxI2/4saFitvu+jdOHwttPTBwOOce7tzjJ4xKZVkjI7e0vLK6ll8vbGxube+Yu3t3Mk4FJg6OWSyaPpKEUU4cRRUjzUQQFPmMNPze1dhvPBAhacxvVZYQL0IdTkOKkdJS27TC8j18gq6iLCDQZToZoAq8gFqfl+HxYwW2zZJVtSaAi8SekVKt6B49j2pZvW0O3SDGaUS4wgxJ2bKtRHl9JBTFjAwKbipJgnAPdUhLU44iIr3+5LIBPNRKAMNY6McVnKi/E30USZlFvp6MkOrKeW8s/ue1UhWeeX3Kk1QRjqeLwpRBFcNxTTCggmDFMk0QFlT/FeIuEggrXWZBl2DPn7xInJPqedW+0WVcginy4AAUQRnY4BTUwDWoAwdg8ALewAf4NF6Nd+PL+J6O5oxZZh/8gTH8AcnLoNs=</latexit><latexit sha1_base64="VvdBf+Vh/u8bLy5WMTiOngzKRv0=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoQUriRl0IRTcuKxhbaUKZTCbt0MmDmRuh1v6GG3/FjQsVt935N07bLLT1wMDhnHu4c4+fCq7Asr6NwtLyyupacb20sbm1vWPu7t2pJJOUOTQRiWz5RDHBY+YAB8FaqWQk8gVr+v2rid98YFLxJL6FQcq8iHRjHnJKQEsd0wor9/gJu8BFwLArdDIgVXyBtT4v4+PHKu6YZatmTYEXiZ2TMsrR6JhjN0hoFrEYqCBKtW0rBW9IJHAq2KjkZoqlhPZJl7U1jUnElDecXjbCR1oJcJhI/WLAU/V3YkgipQaRrycjAj01703E/7x2BuGZN+RxmgGL6WxRmAkMCZ7UhAMuGQUx0IRQyfVfMe0RSSjoMku6BHv+5EXinNTOa/aNVa5f5m0U0QE6RBVko1NUR9eogRxE0TN6Re/ow3gx3oxP42s2WjDyzD76A2P8A7Dxncw=</latexit>

PS(�̃, z|Y ) = PS1(�̃|Y )PS2(z|�̃)

/ f(Y |�̃)⇡S1(�̃)
PS2(�̃|z)⇡S2(z)

PS2(�̃)<latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit><latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit><latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit><latexit sha1_base64="4p2GrMwTSPJCgQtvLUWi9h1xp9Y="></latexit>

PJ (�̃, z|Y ) / f(Y |�̃, z)⇡J (�̃, z)
<latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit><latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit><latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit><latexit sha1_base64="hby/zpSpz7xqylygN7Hv2C6MyRQ="></latexit>

,
<latexit sha1_base64="HLR4Bawt6WxC/BSXHnf3Wzm4hAQ=">AAAB+XicbVBNT8JAEN3iF+JX0aOXRjDxRFou6o3oxYMHTKyQQEO2yxY2bHeb3amEVH6KFw9qvPpPvPlvXKAHBV8yyct7M5mZFyacaXDdb6uwtr6xuVXcLu3s7u0f2OXDBy1TRahPJJeqHWJNORPUBwacthNFcRxy2gpH1zO/9UiVZlLcwyShQYwHgkWMYDBSzy5Xu7c0AsUGQ8BKyXG1Z1fcmjuHs0q8nFRQjmbP/ur2JUljKoBwrHXHcxMIMqyAEU6npW6qaYLJCA9ox1CBY6qDbH761Dk1St+JpDIlwJmrvycyHGs9iUPTGWMY6mVvJv7ndVKILoKMiSQFKshiUZRyB6Qzy8HpM0UJ8IkhmChmbnXIECtMwKRVMiF4yy+vEr9eu6x5d/VK4ypPo4iO0Qk6Qx46Rw10g5rIRwSN0TN6RW/Wk/VivVsfi9aClc8coT+wPn8AX52Tnw==</latexit><latexit sha1_base64="HLR4Bawt6WxC/BSXHnf3Wzm4hAQ=">AAAB+XicbVBNT8JAEN3iF+JX0aOXRjDxRFou6o3oxYMHTKyQQEO2yxY2bHeb3amEVH6KFw9qvPpPvPlvXKAHBV8yyct7M5mZFyacaXDdb6uwtr6xuVXcLu3s7u0f2OXDBy1TRahPJJeqHWJNORPUBwacthNFcRxy2gpH1zO/9UiVZlLcwyShQYwHgkWMYDBSzy5Xu7c0AsUGQ8BKyXG1Z1fcmjuHs0q8nFRQjmbP/ur2JUljKoBwrHXHcxMIMqyAEU6npW6qaYLJCA9ox1CBY6qDbH761Dk1St+JpDIlwJmrvycyHGs9iUPTGWMY6mVvJv7ndVKILoKMiSQFKshiUZRyB6Qzy8HpM0UJ8IkhmChmbnXIECtMwKRVMiF4yy+vEr9eu6x5d/VK4ypPo4iO0Qk6Qx46Rw10g5rIRwSN0TN6RW/Wk/VivVsfi9aClc8coT+wPn8AX52Tnw==</latexit><latexit sha1_base64="HLR4Bawt6WxC/BSXHnf3Wzm4hAQ=">AAAB+XicbVBNT8JAEN3iF+JX0aOXRjDxRFou6o3oxYMHTKyQQEO2yxY2bHeb3amEVH6KFw9qvPpPvPlvXKAHBV8yyct7M5mZFyacaXDdb6uwtr6xuVXcLu3s7u0f2OXDBy1TRahPJJeqHWJNORPUBwacthNFcRxy2gpH1zO/9UiVZlLcwyShQYwHgkWMYDBSzy5Xu7c0AsUGQ8BKyXG1Z1fcmjuHs0q8nFRQjmbP/ur2JUljKoBwrHXHcxMIMqyAEU6npW6qaYLJCA9ox1CBY6qDbH761Dk1St+JpDIlwJmrvycyHGs9iUPTGWMY6mVvJv7ndVKILoKMiSQFKshiUZRyB6Qzy8HpM0UJ8IkhmChmbnXIECtMwKRVMiF4yy+vEr9eu6x5d/VK4ypPo4iO0Qk6Qx46Rw10g5rIRwSN0TN6RW/Wk/VivVsfi9aClc8coT+wPn8AX52Tnw==</latexit><latexit sha1_base64="HLR4Bawt6WxC/BSXHnf3Wzm4hAQ=">AAAB+XicbVBNT8JAEN3iF+JX0aOXRjDxRFou6o3oxYMHTKyQQEO2yxY2bHeb3amEVH6KFw9qvPpPvPlvXKAHBV8yyct7M5mZFyacaXDdb6uwtr6xuVXcLu3s7u0f2OXDBy1TRahPJJeqHWJNORPUBwacthNFcRxy2gpH1zO/9UiVZlLcwyShQYwHgkWMYDBSzy5Xu7c0AsUGQ8BKyXG1Z1fcmjuHs0q8nFRQjmbP/ur2JUljKoBwrHXHcxMIMqyAEU6npW6qaYLJCA9ox1CBY6qDbH761Dk1St+JpDIlwJmrvycyHGs9iUPTGWMY6mVvJv7ndVKILoKMiSQFKshiUZRyB6Qzy8HpM0UJ8IkhmChmbnXIECtMwKRVMiF4yy+vEr9eu6x5d/VK4ypPo4iO0Qk6Qx46Rw10g5rIRwSN0TN6RW/Wk/VivVsfi9aClc8coT+wPn8AX52Tnw==</latexit>



MODEL COMPATIBILITY

SUFFICIENT CONDITIONS

▸ Assignment information does not effect distribution of 
photon counts: 

▸ LIRA prior on photon counts is compatible with Ising 
model prior on assignments:

f(Y |�̃) = f(Y |�̃, z)
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) ⇡S1(�̃) =
R
⇡J (�̃, z)dz =

R
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HOW FAR OFF ARE WE?

▸ Inference for λ is equivalent:
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PJ (�|Y ) / f(Y |�)
Z

⇡J (�, z)dz = f(Y |�)⇡S1(�) / PS(�|Y )dz
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▸ Inference for λ is equivalent:

PS(�̃, z|Y ) = PS1(�̃|Y )PS2(z|�̃)

/ f(Y |�̃)⇡S1(�̃)
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▸ Posterior inference is bounded by the prior divergence 
(which can be calculated)

DKL(PJ (�, z|Y ), PS(�, z|Y )) =

Z
PJ (�|Y )DKL(PJ (z|�), PS(z|�))d�
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LIRA 



LIRA CONT.

MULTI-SCALE IMAGE REPRESENTATION

▸ Stores total intensities and series of four way split 
proportions such that the product recovers original  pixel 
intensities 

▸ Pixel Intensity 

▸ Splits 

▸ Split proportion at scale k corresponding to group i

⇤ = {⇤i, I = 1 . . . N}

⇤i = G
KY

k=1

Dk,lk(i),mk(i)

Dk,lk(i),mk(i)



LIRA CONT.

MULTI-SCALE IMAGE REPRESENTATION



LIRA CONT.

LIKELIHOOD

▸ Probability photon originating in 
pixel i, is observed in pixel j 
(PSF): 

▸ Observed pixel counts: 

▸ Distribution of Y:

▸ Suppress background to obtain likelihood:

Y = {Yi, i = 1, . . . N}

Pi = {Pij , j = 1, . . . N}



LIRA CONT.

PRIOR

▸ Prior on total intensity: 

▸ Prior on splits: 

▸ Hyperprior favors smoother image:

G ⇠ Gamma(�0, �1)

p(↵k) / exp(��↵3/3)



LIRA CONT.

CYCLE SPINNING

▸ Multiscale format produces checkerboard-like patterns 

▸ Solution: 

▸ Shift center of image randomly before making splits 

▸ Splits wrap around edges of image to induce translation 
invariance



SWENDSEN-
WANG 



GIBBS SAMPLER

COUPLING SPINS TO BONDS

▸ Factor coupling bonds and spins is: 

▸ Rescale by constant factor:


