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Parametric MPS

Let Xi, ..., X, be independent observation from a continuous
univariate distribution Fy, belonging to {Fy : 6 € ©}. Consider the
problem of estimating the unknown true 6y. Applying the cdf Fy to
the order statistics X1, < ... < X, , yields:

0= FG(XO,n) < FG(XI,n) <...< FQ(Xn,n) < F@(Xn+1, n) =1.

The maximum product of spacings methods chooses 0, which
maximizes the product of spacing, i.e.,

n+1

O = argmaxy [ [ [Fo(Xin) = Fo(Xi1,n)]-
i=1

Note that the spacings sum to 1.



MPS and MLE

Note that when Fy has a density f, the log likelihood can be

written as .
> " log f5(Xi.n);
i=1

while the log product of spacings can be approximated by

n+1 n+1

Zlogfg in +Z|0g in — I ln)

Since Z"H log(Xin — Xi—1,n) is a constant, this suggests that the
two methods should lead to similar estimates when the MLE
method works.



On the other hand, the product of spacings is always bounded and
hence is more stable then the likelihood functions. The MPS
method can generate asymptotically optimal estimates even when
ML breaks down due to unbounded likelihood functions. Shao
(1999) proves that under certain conditions, with probability one
an MPS estimator exists for all sufficiently large n, and any MPS
estimator is consistent.



Nonparametric MPS for a concave distribution function

Suppose that the underlying cdf Fy has a non-increasing density on
[0, 1], Grenander (1956) applied the ML method and obtained the
nonparametric MLE of Fy: the lease concave majorant (LCM) of
the empirical cdf, F,. This estimator is also asymptotically optimal
in the minimax sense. While the empirical cdf F, is not
continuous, Pyke's modified empirical 7, is a continuous cdf which
puts equal mass ﬁ on every spacing and is uniformly distributed
on each finite spacing. m, is a MPS estimator of Fy. Shao (2001)
proves that the nonparametric MPS estimator for a concave cdf is
asymptotically minimax has the following simple form: The MPS
estimator for a concave cdf with known finite support is the lease
concave majorant (LCM) of Pyke's modified empirical distribution

Th.



Empirical cdf and Pyke's modified empirical cdf
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Power law data

Suppose a continuous random variable X follows power law

distribution, then for x large enough, we have fx(x) oc x~¢.

Suppose Y = log X, then for y large enough, fy(y) oc e~(@=1)y



Total energy data

Let Xi,...,X, be the total energy data. The distribution of X; is a
unimodal distribution and suppose the mode is x,04. By physics
knowledge, we know that for X € (Xmin, Xmax), the distribution
follows power law distribution. Let Y; = log Xi, Ymod = 108 Xmod.,
Ymin = 10€ Xmin and Ymax = l0g xmax. Then Y; also follows a
unimodal distribution with the mode y,,0o4 and when

Y € (Ymin, Ymax), f, o< e (®71Y_ Our interest in this problem is to
get an estimate for ymin, ¥Ymax and «, especially for y,ax. For
simplicity, we suppose that Y is bounded.



MPS for total energy data

Suppose Y1, < ... < Yy, Suppose the mode is on the joth
spacing, Ymin is on the jithe spacing and ypmax is on the joth
spacing. Then Fy is convex on (—o0, Yj,—1,n], concave on
[Yio,n> Yii—1,n] @and concave on [Y}, »,00). Suppose

aF:F( Jo— 1n) BF = ( J1— 1n) F(on,n)v

vF = F(Yj,—1,n) — F(Yj,,n) and 6F =1 — F(Y), n). Besides, let
po = F(Yjo.n) = F(Yjo—1,n), Pr = F(Yjy,n) — F(Yj—1,n) and

p2 = F( ng,n) - F(sz—l,n)'






MPS for total energy data

Then afF + po + BF + p1 +vF + p2 + 6 = 1. The the product of
spacing is

n+1

H[F(Yi,n) - F(Yi—l,n)]
i=1

Jjo—1 -1
= ppeps [[IF(Yin) = F(Yiern)] TT [F(Yin) = F(Yie10)]
i=1 i=jo+1
jo—1 n+1
H [F(Yl,n) - F(Yifl,n)] H [F(Y/,n) - F(Yifl,n)]
i=j1+1 i=j+1

_ o—1 pji—jo—1_jp—h—lcn—jp+l s p  ~ P.
= p p2p3cvj,_— Jors ’YJ,: oF Ao Bjo iy Gir jo D)

The maximum of Bj, j; and D;, is the LCM of the Pyke's empirical
distribution and the maximum of A;; is the greatest concave
minorant of the Pyke's empirical distribution.



MPS for total energy data

For Cj, j,, the maximum is obtained with

& = argmax[e (@ "NYin _ g=(a=1)Yj-102—A 1
-1
H [e_(o‘_l)yffl,n — e—(a—l)Y,-,,,]
f:j1+l
— argmax[l — ei(ail)(\/jé*l,ni jl,n)]j27j171
-1
T le @ D010 Yin) — oDV~
i—j+1

The maximum of the product of spacing does not depend on A,
Bjyji» Cij» and Dj,. The maximum is obtained when

1 jo—1
P1:P2:P3:E7 aF:ma

3 _a—jo—1 =1 5 o n—jp+1
Fm o P Tarr F T T



MPS for real data

A rough estimation shows that ypmoq € (2.8,3.5), Ymin < 5 and
Ymax = 1.
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MPS for real data

We compute the every possible combination of (jo, j1,/2) and
report the maximum result as ymoq = 3.01, ymin = 4.44 and

Ymax = 1.37 with & = 1.8624. If ymod, Ymin and Ymax are known,
the consistency and minimaxity of the MPS estimate is
guaranteed. However, when they are unknown, the consistency and
minimaxity is an open problem.
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